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Measuring entanglement is a demanding task that usually requires full tomography of a quantum
system, involving a number of observables that grows exponentially with the number of parties.
Recently, it was suggested that adding a single ancillary qubit would allow for the efficient measure-
ment of concurrence, and indeed any entanglement monotone associated to antilinear operations.
Here, we report on the experimental implementation of such a device—an embedding quantum
simulator—in photonics, encoding the entangling dynamics of a bipartite system into a tripartite
one. We show that bipartite concurrence can be efficiently extracted from the measurement of
merely two observables, instead of fifteen, without full tomographic information.
Entanglement is arguably the most striking feature
of quantum mechanics [1], defining a threshold between
the classical and quantum behavior of nature. Yet its
experimental quantification in a given system remains
challenging. Several measures of entanglement involve
unphysical operations, such as antilinear operations, on
the quantum state [2, 3], and thus its direct measure-
ment cannot be implemented in the laboratory. As a
consequence, in general, experimental measurements of
entanglement have been carried out mostly via the full
reconstruction of the quantum state [4]. While this
technique—called quantum state tomography (QST)—
has been widely used when dealing with relatively low-
dimensional systems [5, 6], it is known to become rapidly
intractable as the system size grows, being outside of ex-
perimental reach in systems with ∼ 10 qubits [7]. This
difficulty lies in having to measure an exponentially-
growing number of observables, 22N−1, to reconstruct
N -qubits. Such constraint can be relaxed somewhat by
using, for example, multiple copies of the same quan-
tum state [8], prior state knowledge in noisy dynam-
ics [9], compressed sensing methods [10], or measuring
phases monotonically dependent on entanglement [11].
However, measuring entanglement in scalable systems re-
mains a challenging task.
An efficient alternative is to embed the system dynam-
ics into an enlarged Hilbert-space simulator, called em-
bedding quantum simulator (EQS) [12, 13], where un-
physical operations are mapped onto physical transfor-
mations on the simulator. The price to pay, compara-
tively small in larger systems, is the addition of only one
ancillary qubit and, usually, dealing with more involved
dynamics. However, measuring the entanglement of the
simulated system becomes efficient, involving the mea-
surement of a low number of observables in the EQS, in
contrast to the 22N−1 needed with full tomography.
In this Letter, we experimentally demonstrate an
embedding quantum simulator, using it to efficiently
measure two-qubit entanglement. Our EQS uses three
polarization-encoded qubits in a circuit with two con-
catenated controlled-sign gates. The measurement of
only 2 observables on the resulting tripartite state
gives rise to the efficient measurement of bipartite
concurrence, which would otherwise need 15 observables.
Protocol. We consider the simulation of two-qubit
entangling dynamics governed by the Hamiltonian
H=−gσz⊗σz, where σz=|0〉〈0|−|1〉〈1| is the z-Pauli ma-
trix written in the computational basis, {|0〉, |1〉}, and
g is a constant with units of frequency. For simplic-
ity, we let ~=1. Under this Hamiltonian, the concur-
rence [2] of an evolving pure state |ψ(t)〉 is calculated
as C= |〈ψ(t)|σy ⊗ σyK|ψ(t)〉|, where K is the complex
conjugate operator defined as K|ψ(t)〉=|ψ(t)∗〉. Notice
here the explicit dependance of C upon the unphysical
transformation K. We now consider the dynamics of the
initial state |ψ(0)〉=(|0〉+|1〉)⊗(|0〉+|1〉)/2. Under these
conditions one can calculate the resulting concurrence at
any time t as
C = | sin(2gt)|. (1)
The target evolution, e−iHt|ψ(0)〉, can be embedded in
a 3-qubit simulator. Given the state of interest |ψ〉, the
transformation
|Ψ〉 = |0〉 ⊗ Re|ψ〉+ |1〉 ⊗ Im|ψ〉, (2)
gives rise to a real-valued 3-qubit state |Ψ〉 in the cor-
responding embedding quantum simulator. The decod-
ing map is, accordingly, |ψ〉=〈0|Ψ〉+i〈1|Ψ〉. The phys-
ical unitary gate σz⊗I4 transforms the simulator state
into σz⊗I4|Ψ〉=|0〉⊗Re|ψ〉−|1〉⊗Im|ψ〉, which after the
decoding becomes 〈0|Ψ〉−i〈1|Ψ〉=Re|ψ〉−iIm|ψ〉=|ψ∗〉.
Therefore, the action of the complex conjugate op-
erator K corresponds to the single qubit rotation
σz⊗I4 [12, 14]. Now, following the same encoding rules:
〈ψ|OK|ψ〉=〈Ψ|(σz−iσx)⊗O|Ψ〉, with O an observable in
the simulation. In the case of O=σy⊗σy, we obtain
C = |〈σz ⊗ σy ⊗ σy〉 − i〈σx ⊗ σy ⊗ σy〉|, (3)
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FIG. 1. (a) Qubits 1 and 2 evolve via an entangling Hamil-
tonian H during a time interval t, at which point quantum
state tomography (QST) is performed via the measurement of
15 observables to extract the amount of evolving concurrence.
(b) An efficient alternative corresponds to adding one extra
ancilla, qubit 0, and having the enlarged system—the embed-
ding quantum simulator (EQS)—evolve via H(E). Only two
observables are now required to reproduce measurements of
concurrence of the system under simulation.
which relates the simulated concurrence to the ex-
pectation values of two nonlocal operators in the
embedding quantum simulator. Regarding the dy-
namics, it can be shown that the Hamiltonian
H(E) that governs the evolution in the simulator is
H(E)=−σy⊗(ReH)+iI2⊗(ImH) [12]. Accordingly, in
our case, it will be given by H(E)=gσy⊗σz⊗σz.
Our initial state under simulation is
|ψ(0)〉=(|0〉+|1〉)⊗(|0〉+|1〉)/2, which requires, see
Eq. (2), the initialization of the simulator in
|Ψ(0)〉=|0〉⊗ (|0〉+ |1〉)⊗ (|0〉+ |1〉) /2. Under these con-
ditions, the relevant simulator observables, see Eq. (3),
read 〈σx⊗σy⊗σy〉= sin (2gt) and 〈σz⊗σy⊗σy〉=0, from
which the concurrence of Eq. (1) will be extracted.
Therefore, our recipe, depicted in Fig. 1, allows the
encoding and efficient measurement of two-qubit
concurrence dynamics.
To construct the described three-qubit simulator dy-
namics, it can be shown (see Supplemental Material)
that a quantum circuit consisting of 4 controlled-sign
gates and one local rotation Ry(φ)=exp (−iσyφ), as de-
picted in Fig. 2(a), implements the evolution operator
U(t)=exp [−ig (σy⊗σz⊗σz) t], reproducing the desired
dynamics, with φ = gt. This quantum circuit can be fur-
ther reduced if we consider only inputs with the ancillary
qubit in state |0〉, in which case, only two controlled-sign
gates reproduce the same evolution, see Fig. 2 (b). This
reduced subspace of initial states corresponds to simu-
lated input states of only real components.
Experimental implementation. We encode a three-
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FIG. 2. Quantum circuit for the embedding quan-
tum simulator. (a) 4 controlled-sign gates and one
local rotation Ry(φ) implement the evolution operator
U(t)=exp
(
−igσ(0)y ⊗σ(1)z ⊗σ(2)z t
)
, with φ = gt. (b) A reduced
circuit employing only two controlled-sign gates reproduces
the desired three-qubit dynamics for inputs with the ancil-
lary qubit in |0〉.
qubit state in the polarization of 3 single-photons. The
logical basis is encoded according to |h〉≡|0〉, |v〉≡|1〉,
where |h〉 and |v〉 denote horizontal and vertical polariza-
tion, respectively. The simulator is initialized in the state
|Ψ(0)〉=|h〉(0)⊗ (|h〉(1) + |v〉(1))⊗ (|h〉(2) + |v〉(2)) /2 of
qubits 0, 1 and 2, and evolves via the optical circuit in
Fig. 2 (b). Figure 3 is the physical implementation of
Fig. 2 (b), where the dimensionless parameter φ=gt is
controlled by the angle φ/2 of one half-wave plate. The
two concatenated controlled-sign gates are implemented
by probabilistic gates based on two-photon quantum
interference [15–17], see Supplemental Material.
In order to reconstruct the two three-qubit ob-
servables in Eq. (3), one needs to collect 8 pos-
sible tripartite correlations of the observable eigen-
states. For instance, the observable 〈σx⊗σy⊗σy〉 is
obtained from measuring the 8 projection combina-
tions of the {|d〉, |a〉}⊗{|r〉, |l〉}⊗{|r〉, |l〉} states, where
|d〉=(|h〉+|v〉)/√2, |r〉=(|h〉+i|v〉)/√2, and |a〉 and |l〉
are their orthogonal states, respectively. To implement
these polarization projections, we employed Glan-Taylor
prisms due to their high extinction ratio. However, only
their transmission mode is available, which required each
of the 8 different projection settings separately, extending
our data-measuring time. The latter can be avoided by
simultaneously registering both outputs of a projective
measurement, such as at the two output ports of a polar-
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FIG. 3. Experimental setup. Three single-photons with wavelength centered at 820 nm are injected via single-mode fibers into
spatial modes 0, 1 and 2. Glan-Taylor (GT’s) prisms, with transmittance th=1 (tv=0) for horizontal (vertical) polarization,
and half-wave plates (HWP’s) are employed to initialize the state. Controlled two-qubit operations are performed based on
two-photon quantum interference at partially polarizing beam-splitters (PPBS’s). Projective measurements are carried out
with a combination of half-wave plates, quarter-wave plates (QWP’s) and Glan-Taylor prisms. The photons are collected via
single-mode fibers and detected by avalanche photodiodes (APD’s).
izing beam splitter, allowing the simultaneous recording
of all 8 possible projection settings. Thus, an immediate
reconstruction of each observable is possible.
Our source of single-photons consists of four-photon
events collected from the forward and backward pair
emission in spontaneous parametric down-conversion in a
beta-barium borate (BBO) crystal pumped by a 76 MHz
frequency-doubled mode-locked femtosecond Ti:Sapphire
laser. One of the four photons is sent directly to an
avalanche photodiode detector (APD) to act as a trig-
ger, while the other 3 photons are used in the proto-
col. This kind of sources are known to suffer from un-
desired higher-order photon events that are ultimately
responsible of a non-trivial gate performance degrada-
tion [18–20], although they can be reduced by decreasing
the laser pump power. However, given the probabilistic
nature and low efficiency of down-conversion processes,
multi-photon experiments are importantly limited by low
count-rates, see Supplemental Material. Therefore, in-
creasing the simulation performance quality by lowering
the pump requires much longer integration times to ac-
cumulate meaningful statistics, which ultimately limits
the number of measured experimental settings.
As a result of these higher-order noise terms, a sim-
ple model can be considered to account for non-perfect
input states. The experimental input n-qubit state ρexp
can be regarded as consisting of the ideal state ρid with
certain probability ε, and a white-noise contribution with
probability 1−ε, i.e. ρexp=ερid+(1−ε)I2n/2n. Since the
simulated concurrence is expressed in terms of tensorial
products of Pauli matrices, the experimentally simulated
concurrence becomes Cexp=ε| sin(2gt)|.
In Fig. 4, we show our main experimental results from
our photonic embedding quantum simulator for one cycle
of concurrence evolution taken at different pump pow-
ers: 60 mW, 180 mW, and 600 mW—referred as to 10%,
30%, and 100% pump, respectively. Figure 4 (a) shows
theoretical predictions (for ideal pure-state inputs) and
measured fractions of the different projections involved
in reconstructing 〈σx⊗σy⊗σy〉 and 〈σz⊗σy⊗σy〉 for 10%
pump at gt=pi/4. From measuring these two observables,
see Eq. (3), we construct the simulated concurrence pro-
duced by our EQS, shown in Fig. 4 (b). We observe a
good behavior of the simulated concurrence, which pre-
serves the theoretically predicted sinusoidal form. The
overall attenuation of the curve is in agreement with the
proposed model of imperfect initial states. Together with
the unwanted higher-order terms, we attribute the ob-
served degradation to remaining spectral mismatch be-
tween photons created by independent down-conversion
events and injected to inputs 0 and 2 of Fig. 3—at which
outputs 2 nm band-pass filters with similar but not iden-
tical spectra were used.
We compare our measurement of concurrence via our
simulator with an explicit measurement from state to-
mography. In the latter we inject one down-converted
pair into modes 0 and 1 of Fig. 3. For any value of t,
set by the wave-plate angle φ, this evolving state has the
same amount of concurrence as the one from our simula-
tion, they are equivalent in the sense that one is related
to the other at most by local unitaries, which could be
seen as incorporated in either the state preparation or
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FIG. 4. (a) Theoretical predictions (top) and experimentally measured (bottom) fractions involved in reconstructing
〈σx⊗σy⊗σy〉 (left) and 〈σz⊗σy⊗σy〉 (right), taken at gt=pi/4 for a 10% pump. (b) Extracted simulated concurrence within one
evolution cycle, taken at 10% (blue), 30% (green), and 100% (red) pump powers. Curves represent C=Cpp| sin(2gt)|, where Cpp
is the maximum concurrence extracted for a given pump power (pp): C10%=0.70±0.07, C30%=0.57±0.03 and C100%=0.37±0.02.
Errors are estimated from propagated Poissonian statistics. The low count-rates of the protocol, see Supplemental Material,
limit the number of measured experimental settings, hence only one data point could be reconstructed at 10% pump.
within the tomography settings.
Figure 5 shows our experimental results for the de-
scribed two-photon protocol. We extracted the con-
currence of the evolving two-qubit state from overcom-
plete measurements in quantum state tomography [4].
A maximum concurrence value of C=1 is predicted in
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FIG. 5. Concurrence measured via two-qubit quantum state
tomography (QST) on the explicit two-photon evolution,
taken at 10% (blue), 30% (green), and 100% (red) pump pow-
ers. The corresponding curves indicate C=Cpp| sin(2gt)|, with
Cpp the maximum extracted concurrence for a given pump
power (pp): C10%=0.959 ± 0.002, C30%=0.884 ± 0.002, and
C100%=0.694± 0.006. Errors are estimated from Monte-Carlo
simulations of Poissonian counting fluctuations.
the ideal case of perfect pure-state inputs. Exper-
imentally, we measured maximum values of concur-
rence of C10%=0.959 ± 0.002, C30%=0.884 ± 0.002 and
C100%=0.694 ± 0.006, for the three different pump pow-
ers, respectively. For the purpose of comparing this two-
photon protocol with our embedding quantum simula-
tor, only results for the above mentioned powers are
shown. However, we performed an additional two-photon
protocol run at an even lower pump power of 30 mW
(5% pump), and extracted a maximum concurrence of
C5%=0.979 ± 0.001. A clear and pronounced decline on
the extracted concurrence at higher powers is also ob-
served in this protocol. However, a condition closer to the
ideal one is reached. This observed pump power behavior
and the high amount of measured concurrence suggest
a high-quality gate performance, and that higher-order
terms—larger for higher pump powers—are indeed the
main cause of performance degradation.
While only mixed states are always involved in ex-
periments, different degrees of mixtures are present in
the 3- and 2-qubit protocols, resulting in different ex-
tracted concurrence from both methods. An inspection
of the pump-dependence, see Supplemental Material, re-
veals that both methods decrease similarly with pump
power and are close to performance saturation at the 10%
pump level. This indicates that in the limit of low higher-
order emission our 3-qubit simulator is bounded to the
observed performance. Temporal overlap between the 3
photons was carefully matched. Therefore, we attribute
the remaining discrepancy to spectral mismatch between
photons originated from independent down-conversion
events. This disagreement can in principle be reduced
via error correction [21, 22] and entanglement purifica-
tion [23] schemes with linear optics.
Discussion. We have shown experimentally that entan-
glement measurements in a quantum system can be effi-
ciently done in a higher-dimensional embedding quantum
simulator. The manipulation of larger Hilbert spaces for
simplifying the processing of quantum information has
been previously considered [24]. However, in the present
5scenario, this advantage in computing concurrence origi-
nates from higher-order quantum correlations, as it is the
case of the appearance of tripartite entanglement [25, 26].
The efficient behavior of embedding quantum simula-
tors resides in reducing an exponentially-growing number
of observables to only a handful of them for the extrac-
tion of entanglement monotones. We note that in this
non-scalable photonic platform the addition of one an-
cillary qubit and one entangling gate results in count
rates orders of magnitude lower as compared to direct
state tomography on the 2-qubit dynamics. This means
that in practice absolute integration times favor the di-
rect 2-qubit implementation. However, this introduced
limitation escapes from the purposes of the embedding
protocol and instead belongs to the specific technology
employed in its current state-of-the-art performance.
This work represents the first proof-of-principle ex-
periment showing the efficient behavior of embedding
quantum simulators for the processing of quantum in-
formation and extraction of entanglement monotones.
This validates an architecture-independent paradigm
that, when implemented in a scalable platform, e.g.
ions [7, 13], would overcome a major obstacle in the char-
acterization of large quantum systems. The relevance
of these techniques will thus become patent as quan-
tum simulators grow in size and currently standard ap-
proaches like full tomography become utterly unfeasible.
We believe that these results pave the way to the efficient
measurement of entanglement in any quantum platform
via embedding quantum simulators.
We thank M. A. Broome for helpful discussions.
This work was supported by the Centre for Engi-
neered Quantum Systems (Grant No. CE110001013)
and the Centre for Quantum Computation and Com-
munication Technology (Grant No. CE110001027).
M. P. A. acknowledges support from the Australian
Research Council Discovery Early Career Awards
(No. DE120101899). A. G. W. was supported by the
University of Queensland Vice-Chancellor’s Senior Re-
search Fellowship. J. C. acknowledge support from the
Alexander von Humboldt Foundation, while R. D. C.,
J. S. P., and E. S. from Basque Government IT472-10;
Spanish MINECO FIS2012-36673-C03-02; UPV/EHU
UFI 11/55; UPV/EHU PhD fellowship; PROMISCE
and SCALEQIT EU projects.
Note added.—We recently learned of a related pa-
per by Chen et al [27].
∗ Corresponding author: juan.loredo1@gmail.com
[1] R. Horodecki, P. Horodecki, M. Horodecki, and K.
Horodecki, Rev. Mod. Phys. 81, 865 (2009).
[2] W. K. Wootters, Phys. Rev. Lett. 80, 2245 (1998).
[3] A. Osterloh & J. Siewert, Phys. Rev. A 72, 012337
(2005).
[4] D. F. V. James, P. G. Kwiat, W. J. Munro, and A. G.
White, Phys. Rev. A 64, 052312 (2001).
[5] H. Ha¨ffner, W. Ha¨nsel, C. F. Roos, J. Benhelm, D. Chek-
al-kar, M. Chwalla, T. Ko¨rber, U. D. Rapol, M. Riebe,
P. O. Schmidt, C. Becher, O. Gu¨hne, W. Du¨r, and R.
Blatt, Nature 438, 643 (2005).
[6] X.-C. Yao, T.-X. Wang, P. Xu, L. He, G.-S. Pan, X.-H.
Bao, C.-Z. Peng, C.-Y. Lu, Y.-A. Chen and J.-W. Pan,
Nat. Photon 6, 225 (2012).
[7] T. Monz, P. Schindler, J. T. Barreiro, M. Chwalla, D.
Nigg, W. A. Coish, M. Harlander, W. Hansel, M. Hen-
nrich, and R. Blatt, Phys. Rev. Lett. 106, 130506 (2011).
[8] S. P. Walborn, P. H. Souto Ribeiro, L. Davidovich, F.
Mintert, and A. Buchleitner, Nature 440, 1022 (2006).
[9] O. Jime´nez Far´ıas, C. Lombard Latune, S. P. Walborn, L.
Davidovich, and P. H. Souto Ribeiro, Science 324, 1414
(2009).
[10] D. Gross, Y.-K. Liu, S. T. Flammia, S. Becker, and J.
Eisert, Phys. Rev. Lett. 105, 150401 (2010).
[11] J. C. Loredo, M. A. Broome, D. H. Smith, and A. G.
White, Phys. Rev. Lett. 112, 143603 (2014).
[12] R. Di Candia, B. Mejia, H. Castillo, J. S. Pedernales, J.
Casanova, and E. Solano, Phys. Rev. Lett. 111, 240502
(2013).
[13] J. S. Pedernales, R. Di Candia, P. Schindler, T. Monz,
M. Hennrich, J. Casanova, and E. Solano, Phys. Rev. A
90, 012327 (2014).
[14] J. Casanova, C. Sab´ın, J. Leo´n, I. L. Egusquiza, R. Ger-
ritsma, C. F. Roos, J. J. Garc´ıa-Ripoll, and E. Solano,
Phys. Rev. X 1, 021018 (2011).
[15] T. C. Ralph, A. G. White, W. J. Munro, and G. J. Mil-
burn, Phys. Rev. A 65, 012314 (2001).
[16] J. L. O’Brien, G. J. Pryde, A. G. White, T. C. Ralph,
and D. Branning, Nature 426, 264 (2003).
[17] T. C. Ralph, Phys. Rev. A 70, 012312 (2004).
[18] T. J. Weinhold, A. Gilchrist, K. J. Resch, A. C. Do-
herty, J. L. O’Brien, G. J. Pryde, and A. G. White,
arXiv:0808.0794 (2008).
[19] M. Barbieri, T. Weinhold, B. Lanyon, A. Gilchrist, K.
Resch, M. Almeida, and A. White, Journal of Modern
Optics 56, 209 (2009).
[20] J.-W. Pan, Z.-B. Chen, C.-Y. Lu, H. Weinfurter, A.
Zeilinger, and M. Zukowski, Rev. Mod. Phys. 84, 777
(2012).
[21] J. L. O’brien, G. J. Pryde, A. G. White, and T. C. Ralph,
Phys. Rev. A 71, 060303 (2005).
[22] X.-C. Yao, T.-X. Wang, H.-Z. Chen, W.-B. Gao, A. G.
Fowler, R. Raussendorf, Z.-B. Chen, N.-L. Liu, C.-Y. Lu,
Y.-J. Deng, Y.-A. Chen, and J.-W. Pan, Nature 482, 489
(2012).
[23] J.-W. Pan, S. Gasparoni, R. Ursin, G. Weihs, and A.
Zeilinger, Nature 423, 417 (2003).
[24] B. P. Lanyon, M. Barbieri, M. P. Almeida, T. Jennewein,
T. C. Ralph, K. J. Resch, G. J. Pryde, J. L. O’Brien, A.
Gilchrist, and A. G. White, Nat Phys 5, 134 (2009).
[25] C.-Y. Lu, D. E. Browne, T. Yang, and J.-W. Pan, Phys.
Rev. Lett. 99, 250504 (2007).
[26] B. P. Lanyon, T. J. Weinhold, N. K. Langford, M. Barbi-
eri, D. F. V. James, A. Gilchrist, and A. G. White, Phys.
Rev. Lett. 99, 250505 (2007).
[27] M-.C. Chen, D. Wu, Z.-E. Su, X.-D. Cai, X.-L. Wang, T.
Yang, L. Li, N.-L. Liu, Ch.-Y. Lu, and J.-W. Pan, Phys.
Rev. Lett. 116, 070502 (2016).
6SUPPLEMENTAL MATERIAL
I. Quantum circuit of the embedding quantum
simulator
Following the main text, the evolution oper-
ator associated with the embedding Hamiltonian
H(E)=gσy⊗σz⊗σz can be implemented via 4 control-Z
gates (CZ), and a single qubit rotation Ry(t). These
gates act as
CZij = |0〉〈0|(i) ⊗ I(j) + |1〉〈1|(i) ⊗ σ(j)z , (4)
Riy(t) = e
−iσ(i)y gt ≡ (cos(gt)I(i) − i sin(gt)σ(i)y ), (5)
with σz=|0〉〈0|−|1〉〈1|, and σy= − i|0〉〈1|+i|1〉〈0|. The
indices i and j indicate on which particle the operators
act. The circuit for the embedding quantum simulator
consists of a sequence of gates applied in the following
order:
U(t) = CZ02CZ01R0y(t)CZ
01CZ02. (6)
Simple algebra shows that this expression can be recast
as
U(t) = cos(gt)I(0) ⊗ I(1) ⊗ I(2) − i sin(gt)σ(0)y ⊗ σ(1)z ⊗ σ(2)z
= exp
(
−igσ(0)y ⊗ σ(1)z ⊗ σ(2)z t
)
, (7)
explicitly exhibiting the equivalence between the gate se-
quence and the evolution under the Hamiltonian of in-
terest.
II. Linear optics implementation
The evolution of the reduced circuit is given by a Ry(t)
rotation of qubit 0, followed by two consecutive control-Z
gates on qubits 1 and 2, both controlled on qubit 0, see
Fig. 6 (a). These logic operations are experimentally im-
plemented by devices that change the polarization of the
photons, where the qubits are encoded, with transforma-
tions as depicted in Fig. 6 (b). For single qubit rotations,
we make use of half-wave plates (HWP’s), which shift the
linear polarization of photons. For the two-qubit gates,
we make use of two kinds of partially-polarizing beam
splitters (PPBS’s). PPBS’s of type 1 have transmit-
tances th=1 and tv=1/3 for horizontal and vertical po-
larizations, respectively. PPBS’s of type 2, on the other
hand, have transmittances th=1/3 and tv=1. Their ef-
fect can be expressed in terms of polarization dependant
input-output relations—with the transmitted mode cor-
responding to the output mode—of the bosonic creation
operators as
a
†(i)
p,out =
√
tpa
†(i)
p,in +
√
1− tpa†(j)p,in (8)
a
†(j)
p,out =
√
1− tpa†(i)p,in −
√
tpa
†(j)
p,in, (9)
where a
†(i)
p,in (a
†(i)
p,out) stands for the i-th input (output)
port of a PPBS with transmittance tp for p-polarized
photons.
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FIG. 6. (a) Circuit implementing the evolution opera-
tor U(t)=exp
(
−igσ(0)y ⊗σ(1)z ⊗σ(2)z t
)
, if the initial state
is |Ψ(0)〉=|0〉(0)⊗
(
|0〉(1) + |1〉(1)
)
⊗
(
|0〉(2) + |1〉(2)
)
/2.
(b) Dual-rail representation of the circuit implemented
with linear-optics. Red (blue) lines represent trajectories
undertaken by the control qubit (target qubits).
Our circuit is implemented as follows: the first Ry(t)
rotation is implemented via a HWP oriented at an angle
θ = gt/2 with respect to its optical axis. The rest of
the target circuit, corresponding to the sequence of two
control-Z gates, can be expressed in terms of the trans-
formation of the input to output creation operators as
bhchdh → bhchdh
bhchdv → bhchdv
bhcvdh → bhcvdh
bhcvdv → bhcvdv
bvchdh → bvchdh
bvchdv → −bvchdv
bvcvdh → −bvcvdh
bvcvdv → bvcvdv, (10)
where b≡a†(0), c≡a†(1), and d≡a†(2) denote the creation
operators acting on qubits 0, 1, and 2, respectively. These
polarization transformations can be implemented with
a probability of 1/27 via a 3-fold coincidence detection
in the circuit depicted in Fig. 6 (b). In this dual-rail
representation of the circuit, interactions of modes c and
d with vacuum modes are left implicit.
The σx and σz single qubit gates in Fig. 6 (b) are im-
plemented by HWP’s with angles pi/4 and 0, respectively.
7In terms of bosonic operators, these gates imply the fol-
lowing transformations,
σx : bh → bv, bv → bh (11)
σz : dh → dh, dv → −dv. (12)
According to all the input-output relations involved, it
can be calculated that the optical elements in Fig. 6 (b)
implement the following transformations
bhchdh → bhchdh/(3
√
3)
bhchdv → bhchdv/(3
√
3)
bhcvdh → bhcvdh/(3
√
3)
bhcvdv → bhcvdv/(3
√
3)
bvchdh → bvchdh/(3
√
3)
bvchdv → −bvchdv/(3
√
3)
bvcvdh → −bvcvdh/(3
√
3)
bvcvdv → bvcvdv/(3
√
3), (13)
if events with 0 photons in some of the three output
lines of the circuit are discarded. Thus, this linear optics
implementation corresponds to the evolution of interest
with success probability P = (1/(3
√
3))2 = 1/27.
III. Photon count-rates
Given the probabilistic nature and low efficiency of
down-conversion processes, multi-photon experiments
are importantly limited by low count-rates. In our case,
typical two-photon rates from source are around 150 kHz
at 100% pump (two-photon rates are approx. linear with
pump power), which after setup transmission (∼80%)
and 1/9 success probability of one controlled-sign gate,
are reduced to about 13 kHz (1 kHz) at 100% (10%)
pump. These count-rates make it possible to run the
two-photon protocol, described in the main text, at low
powers in a reasonable amount of time. However, this
situation is drastically different in the three-photon pro-
tocol, where we start with 500 Hz of 4-fold events from
the source, in which case after setup transmission, 1/27
success probability of two gates, and 50% transmission
in each of two 2 nm filters used for this case, we are left
with as few as ∼100 mHz (∼1 mHz) at 100% (10%) pump
(4-fold events reduce quadratically with pump). Conse-
quently, long integration times are needed to accumulate
meaningful statistics, imposing a limit in the number of
measured experimental settings.
IV. Pump-dependence
To estimate the effect of power-dependent higher-order
terms in the performance of our protocols, we inspect the
pump power dependence of extracted concurrence from
FIG. 7. Measured concurrence vs pump power. The concur-
rence is extracted from both two-qubit quantum state tomog-
raphy (QST) and the three-qubit embedding quantum simu-
lator (EQS). Straight lines are linear fits to the data. Slopes
overlapping within error, namely −0.0030±0.0001 from QST
and −0.0035±0.0007 from EQS, show that both methods are
affected by higher-order terms at the same rate.
both methods. Fig. 7 shows that the performances of
both protocols decrease at roughly the same rate with
increasing pump power, indicating that in both meth-
ods the extracted concurrence at 10% pump is close to
performance saturation.
The principal difference between the two methods is
that in the three-qubit protocol one of the photons origi-
nates from an independent down-conversion event and as
such will present a slightly different spectral shape due
to a difficulty in optimizing the phase-matching condi-
tion for both forward and backward directions simulta-
neously. To reduce this spectral mismatch, we used two
2 nm filters at the output of the two spatial modes where
interference from independent events occurs, see Fig. 8.
Note that not identical spectra are observed. This lim-
itation would be avoided with a source that presented
simultaneous high indistinguishability between all inter-
fering photons.
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FIG. 8. Spectral filtering. The measured transmission for
both filters used in our three-qubit protocol qualitatively re-
veals the remaining spectral mismatch.
